ABSTRACT. The aim of this paper is to show that classical geometric invariant theory has an effective analogue for linear actions of a non-reductive algebraic group H with graded unipotent radical on a projective variety X. Here the linear action of H is required to extend to a semi-direct productĤ with a one-parameter group which acts on the Lie algebra of the unipotent radical U of H with all weights strictly positive, and which centralises H/U .
Let H be a linear algebraic group acting linearly (with respect to an ample line bundle L) on an irreducible projective variety X over an algebraically closed field k of characteristic 0. Let U be the unipotent radical of H and let R = H/U . Suppose that the linear action of H on X extends to a semi-direct productĤ = H ⋊ G m where the adjoint action of G m on the Lie algebra of U has strictly positive weights and its induced conjugation action on R = H/U is trivial. The aim of this paper is to show that we then have an effective analogue of large parts of classical geometric invariant theory (GIT) for the action of H on X. More precisely, X has an Hinvariant open subvariety Xŝ (the 'hat-stable subset') with a geometric quotient Xŝ/H and (if Xŝ is nonempty) a projective completion X ≈ H of Xŝ/H which is a categorical quotient byĤ of an open subvariety of a blow-up of X × k; with additional blow-ups a projective completion X ≈ H which is itself a geometric quotient can be obtained. Moreover the subset Xŝ of X and the corresponding open subvarieties of the blow-ups of X ×k can be described effectively using Hilbert-Mumford criteria combined with the explicit blow-up constructions.
One special situation (the 'internal' case) arises when R itself has a central one-parameter subgroup G m whose adjoint action on the Lie algebra of U has only strictly positive weights. This situation holds for many non-reductive groups H; examples include any parabolic subgroup of a reductive group, or the automorphism group of any complete simplicial toric variety, or the group of k-jets of biholomorphisms of (C p , 0). The geometric quotient Xŝ/H and its projective completions can depend in principle not only on the linearisation of the action of H but also (in the external case) on the choice of semi-direct productĤ = H ⋊ G m and extension of the linear action of H toĤ (an 'extended' or 'graded' linearisation in the sense of [4] ) or (in the internal case) the choice of a central one-parameter subgroup of R whose adjoint action on the Lie algebra of U has only strictly positive weights. It is possible to study the dependence on these choices, and to arrive at a picture similar to classical 'variation of GIT' [13, 39] ; this will appear in forthcoming work [6] . In the case k = C one can also use modifications of the symplectic quotient and implosion constructions to describe these quotients in terms of analogues of moment maps [20, 27, 8] and to extend the methods of [25, 26] to study their cohomology [8] .
The best known examples of moduli spaces which can be constructed using classical GIT are moduli spaces of stable curves and of (semi)stable sheaves over a fixed nonsingular projective variety. This more general version of GIT can be used (with H the parabolic subgroup associated to a maximally destabilising one-parameter subgroup) to construct moduli spaces of unstable objects with suitable fixed discrete invariants, such as unstable curves [22] or unstable sheaves [5] .
Recall that, when H = R is reductive, we can use classical GIT, developed by Mumford in the 1960s [32] , to find H-invariant open subvarieties X s ⊆ X ss (the stable and semistable loci) of X with a geometric quotient X s /H and projective variety X//H ⊇ X s /H associated to the algebra of invariants k≥0 H 0 (X, L ⊗k ) H . Here X//H is the image of a surjective morphism φ from the open subvariety X ss of X, determined by the inclusion of the algebra of invariants
. If x, y ∈ X ss then φ(x) = φ(y) if and only if the closures of the H-orbits of x and y meet in X ss (that is, x and y are 'S-equivalent'). Moreover the loci X s and X ss can be described using the Hilbert-Mumford criteria for (semi)stability: any x ∈ X is (semi)stable for the action of H if and only if it is (semi)stable for the action of every one-parameter subgroup λ : G m → H, and (semi)stability for a one-parameter subgroup is easy to describe in terms of the weights of its action. If X ss = X s then the projective variety X//H is itself a geometric quotient of X ss via the morphism φ; if X ss = X s = ∅ then there is a canonical sequence of blow-ups of X along H-invariant closed subvarieties which results in a projective varietyX with a linear H-action such thatX ss =X s inducing a 'partial desingularisation' ψ H :X//H → X//H of X//H which is an isomorphism over X s /H [26] . When k = C the GIT quotient X//H can be identified with the symplectic quotient µ −1 (0)/K where µ is a moment map for the action of a maximal compact subgroup K of H on X [25] .
Some aspects of Mumford's GIT have been made to work when H is not reductive (cf. for example [2, 14, 15, 16, 17, 18, 27, 40] ), although GIT cannot be extended directly to non-reductive linear algebraic group actions since the algebra of invariants k≥0 H 0 (X, L ⊗k ) H is not necessarily finitely generated as a graded algebra. We can still define (semi)stable loci X ss and X s , the latter having a geometric quotient X s /H which is an open subset of an 'enveloping quotient' X ≈ H with an H-invariant morphism φ : X ss → X ≈ H, and if the algebra of invariants k≥0 H 0 (X, L ⊗k ) H is finitely generated then X ≈ H is the associated projective variety [2, 14] . However in general X ≈ H is not necessarily projective, the morphism φ is not necessarily surjective (indeed its image may not be a subvariety of X ≈ H) and no obvious analogues of the Hilbert-Mumford criteria for (semi)stability have been found.
In [3] we considered the situation when the unipotent radical U of H has an extensionÛ = U ⋊ G m by the multiplicative group G m of k such that the action of G m by conjugation on the Lie algebra of U has all its weights strictly positive; we call such a U a graded unipotent group. Given any action of U on a projective variety X extending to an action ofÛ which is linear with respect to an ample line bundle on X, it was shown in [3] that, provided we are willing to replace the line bundle with a tensor power and to twist the linearisation of the action of U by a suitable (rational) character ofÛ , and provided one additional condition is satisfied ('semistability coincides with stability' in the terminology of [3] ), then theÛ -invariants form a finitely generated algebra, and moreover the natural morphism φ : X ss,Û → X ≈ U is surjective and indeed expresses X ≈ U as a geometric quotient of X ss,Û . Applying this result with X replaced by X × P 1 gives us a projective variety (X × P 1 ) ≈ U which is a geometric quotient bŷ U of aÛ -invariant open subset of X × k and contains as an open subset a geometric quotient of a U -invariant open subset Xŝ ,U of X by U , where the subsets X s,Û = X ss,Û and Xŝ ,U of X can be described using Hilbert-Mumford criteria.
More generally suppose that H is a linear algebraic group over k with graded unipotent radical U , in the sense that there is a semi-direct productĤ = H ⋊ G m such that G m acts by conjugation on the Lie algebra of U with all weights strictly positive and its induced conjugation action on the reductive group R = H/U is trivial. Suppose also that the linear action of H on X with respect to the ample line bundle L extends to a linear action ofĤ. Then, provided the 'semistability coincides with stability' condition of [3] is satisfied for the action ofÛ , we obtain a projective variety (X × ≈ H can be described using Hilbert-Mumford criteria and an analogue of S-equivalence.
In this paper we will first prove a stronger version of the results of [3] for which the condition that 'semistability coincides with stability' is replaced with a slightly less stringent condition (which can also be regarded as an interpretation in this setting of 'semistability coincides with stability' for the action of the unipotent radical of H). We will then show that, even when this condition is not satisfied we can find a sequence of blow-ups of X alongĤ-invariant subvarieties (analogous to that of [26] in the reductive case) resulting in a projective varietyX with an induced linear action ofĤ satisfying the modified 'stability coincides with semistability' condition for its unipotent radical. In this way, considering an induced action ofĤ on X × P 1 as above, we obtain a projective variety X ≈ H = X × P 1 ≈ H which is a categorical quotient bŷ H of anĤ-invariant open subset of a blow-up of X × k and contains as an open subset a geometric quotient of an H-invariant open subset Xŝ ,H of X by H. After further blow-ups alonĝ H-invariant projective subvarieties using the methods of [26] , we can obtain another projective completion X ≈ H of Xŝ ,H /H which is itself a geometric quotient (not just a categorical quotient) byĤ of anĤ-invariant open subset of a blow-up of X × k. Here the geometric quotient Xŝ ,H /H and its projective completions X ≈ H and X ≈ H have descriptions in terms of HilbertMumford-like criteria, the explicit blow-up constructions and an analogue of S-equivalence.
In order to describe our results more precisely, let L be a very ample linearisation with respect to a line bundle L → X of the action of H on an irreducible projective variety X; we assume that there is an extension of this linearisation to a linearisation (by abuse of notation also denoted by L) of the action of the semi-direct productĤ of H by G m acting by conjugation on the Lie algebra of U with all weights strictly positive and whose induced conjugation action on the reductive group R = H/U is trivial. Let χ :Ĥ → G m be a character ofĤ with kernel containing H; we will identify such characters χ with integers so that the integer 1 corresponds to the character which defines the exact sequence H →Ĥ → G m . We can twist the linearisation of theĤ-action by multiplying the lift of theĤ-action to L by such a character; this will leave the H-linearisation on L and the action ofĤ on X unchanged. Note that a linearisation L ofĤ with respect to L induces a linearisation L ⊗m with respect to the line bundle L, for any integer m ≥ 1, such that twisting L by χ corresponds to twisting L ⊗m by mχ; GIT will be essentially unaffected, so in this way we can work with rational linearisations and rational characters.
Suppose that ω min = ω 0 < ω 1 < · · · < ω max are the weights with which the one-parameter subgroup G m ≤Û ≤Ĥ acts on the fibres of the tautological line bundle O P((H 0 (X,L) * ) (−1) over points of the connected components of the fixed point set X Gm for the action of G m on X ⊆ P((H 0 (X, L) * ). Let V = H 0 (X, L) * ; let V min be the weight space of weight ω min in V . We will assume that there exist at least two distinct weights, since otherwise the action of the unipotent radical U of H on X is trivial, in which case the action of H is via an action of the reductive group R = H/U and we can use classical GIT.
Let χ be a rational character of G m (so that cχ lifts to a character ofĤ as above for a sufficiently divisible positive integer c) such that
we will call rational characters χ with this property adapted to the linear action ofĤ, and we will call the linearisation adapted if ω 0 < 0 < ω 1 ; we will call χ borderline adapted to the linear action ofĤ if χ = ω 0 , and the linearisation borderline adapted if ω 0 = 0. The linearisation of the action ofĤ on X with respect to the ample line bundle L ⊗c can be twisted by the character cχ so that the weight ω min is replaced with c(ω min − χ); let L ⊗c χ denote this twisted linearisation, which is adapted in the sense above if χ > ω min is sufficiently close to ω min .
Let X s,Gm min + denote the stable set in X for the linear action of G m with respect to the adapted linearisation L ⊗c χ ; by the theory of variation of (classical) GIT [13, 39] , X s,Gm min + is independent of the choice of adapted rational character χ. Indeed by the Hilbert-Mumford criteria X s,Gm min + = X 0 min \ Z min where
isÛ -invariant. By assumption X is irreducible, so it is not hard to see that in fact Z min and X 0 min , and thus also X s,Gm min + , depend only on the action of G m on X and not on the linearisation L. Let it follows that X s,Û min + depends only on the action ofÛ on X. It is often convenient to strengthen slightly the requirement that the linearisation is adapted. We say that a property holds for a linear action ofĤ on X with respect to an ample linearisation twisted by a 'well adapted' rational character χ if there exists ǫ > 0 such that if χ is any rational character of G m (lifting toĤ with trivial restriction to H) with ω min < χ < ω min + ǫ, then the required property holds for the linearisation twisted by χ. By the theory of variation of GIT [13, 39] , the (semi)stable loci in X for the linear action of a maximal torus T ofĤ containing G m , after the linearisation has been twisted by a well adapted rational character χ ofĤ with kernel containing H, is independent of the choice of χ; we will denote these loci by X The first theorem proved in this paper requires the following hypothesis, which can be regarded as a version of 'semistability coincides with stability' for an adaptedÛ -linearisation L → X:
This is equivalent to the requirement that Stab U (x) = {e} for every x ∈ X 0 min . Theorem 0.1 (GIT for linear algebraic group actions with graded unipotent radicals for which semistability coincides with stability). Let H be a linear algebraic group over k with unipotent radical 
R is finitely generated, with associated projective variety X ≈ H.
Remark 0.2. Under the hypotheses of Theorem 0.1, Z min is a geometric quotient for the action ofÛ on the H-invariant subvariety U Z min of X, and its reductive GIT quotient Z min //R by the action of R = H/U is a categorical quotient for the action ofĤ on theĤ-invariant open subset U Z ss,R min of U Z min .
Remark 0.3. The main theorem of [3] is a version of Theorem 0.1 above. It concerns a linear action of a linear algebraic groupĤ with graded unipotent radical on a complex projective variety X, which is well adapted in the sense above and satisfies a variant of the condition that 'semistability coincides with stability' for the linear action ofÛ .
Remark 0.4. In order to obtain Theorem 0.1 (ii) and (iv), the condition (C * ) can be weakened to
where Z ss,R min is the semistable locus for the induced linear action of R = H/U on Z min .
Remark 0.5. The conditions (C * ) and (C * H ) can be weakened, when the action of U is such that the stabiliser in U of x ∈ X is always strictly positive-dimensional. Provided that for every z ∈ Z min the dimension of Stab U (z) is equal to the generic dimension of Stab U (x) for x ∈ X (which is equivalent to the requirement that dim Stab U (x) is constant for x ∈ X 0 min ), and that the same is true for subgroups U (j) appearing in a series U U (1) · · · U (s) = {e} normalised by H with U (j) /U (j+1) abelian (such as the derived series for U ), then the conclusions of Theorem 0.1 still hold. Similarly if for every z ∈ Z ss,R min the dimension of Stab U (z) is equal to the generic dimension of Stab U (x) for x ∈ X, and that the same is true for subgroups U (j) appearing in a series U U (1) · · · U (s) = {e} normalised by H with U (j) /U (j+1) abelian, then Theorem 0.1 (ii) and (iv) still hold.
Remark 0.6. Let X Gm be the G m -fixed point set in X. We can also weaken the requirement that the rational character χ should be well adapted if we strengthen the condition (C * ) to become (C * j ) Stab U (z) = {e} whenever z ∈ X Gm and G m acts on L * | z with weight at most ω j ;.
then we can allow χ to be any non-weight in (ω min , ω j + ǫ) where ǫ > 0 is sufficiently small, provided that we modify X s,Û min + , X s,Ĥ min + and X ss,Ĥ min + appropriately, depending on χ.
Applying Theorem 0.1 with X replaced by X × P 1 , with respect to the tensor power of the linearisation L → X with O P 1 (M ) for M >> 1, gives us a projective variety X s,Û min + of the R-stable subset of
Here Xŝ ,H = {x ∈ X 0 min |p(x) ∈ Z s,R min } where Z s,R min is the stable locus for the induced linear R-action on Z min .
Thus the geometric quotient Xŝ ,H /H and the projective variety (X × P 1 ) ≈ H ⊇ Xŝ ,H /H can be described using Hilbert-Mumford criteria and an analogue of S-equivalence, combining the description of (X × P 1 ) ≈ U as the geometric quotient (X × P 1 ) s,Û min + /Û with classical GIT for the induced linear action on (X × P 1 ) ≈ U of the reductive group R = H/U . If Xŝ ,H is nonempty then (X × P 1 ) ≈ H is a projective completion of Xŝ ,H /H, and there is a surjectiveĤ-invariant morphismφ onto (X × P 1 )
≈
H from the open subvariety
min + is the T -semistable set in the sense of classical GIT for a well adapted linearisation of the action on X ×P 1 with respect to the tensor power of L with O P 1 (M ) for M >> 1. When (x, s) and (y, t) lie in (X × k)ŝ s,H thenφ(x, s) =φ(y, t) if and only if the closures of theirĤ-orbits meet in (X × k)ŝ s,H .
Having proved Theorem 0.1 we will modify the partial desingularisation construction of [26] in the reductive case to prove the following analogue for linear algebraic groups with graded unipotent radical, which applies to any well adapted linear action ofĤ for which the generic stabiliser in U is trivial. Recall that when H is a linear algebraic group over k then H has a graded unipotent radical U if there is a semi-direct productĤ = H ⋊ G m where G m acts by conjugation on the Lie algebra of U with all weights strictly positive, and with trivial induced conjugation action on R = H/U , Theorem 0.7 (Projective completions for GIT quotients by linear algebraic group actions with graded unipotent radicals). Let H be a linear algebraic group over k with graded unipotent radical U and R = H/U having maximal torus T , and letĤ = H ⋊ G m define the grading. Suppose thatĤ acts linearly on an irreducible projective variety X with respect to a very ample line bundle L, and that Remark 0.8. Here the first step in the construction ofX from X is to blow X up along the closure of the subvariety of X 0 min where dim Stab U (x) is maximal for x ∈ X 0 min ; by repeating this step finitely many times we obtainX satisfying (C * ). In order to constructX fromX we apply the partial desingularisation construction of [26] to the induced linear action of R = H/U =Ĥ/Û onX ≈ U .
Remark 0.9. The condition that Stab U (x) = {e} for generic x ∈ X is analogous to the requirement studied in [26] that the stable set should be nonempty for a GIT quotient by a reductive group G. If there are semistable points but no stable points in the reductive case, then the blowup process of [26] can still be applied, but it will not terminate withX such thatX ss =X s = ∅.
Recall that in Mumford's terminology [32] 'stable' has a slightly weaker meaning than is now standard. For Mumford a point x ∈ X is stable for a linear action of a reductive group G with respect to an ample line bundle L if there is an invariant section σ ∈ H 0 (X, L ⊗m ) G for some integer m > 0 such that x ∈ X σ = {y ∈ X|σ(y) = 0} and the action of G on the affine open X σ is closed; a stable point in the modern sense (with the additional requirement that dim Stab G (x) = 0) was called 'properly stable' by Mumford. If X M s denotes the stable locus in Mumford's sense, then X M s has a geometric quotient X M s /G. If X is irreducible then X s = ∅ implies that X M s = X s , but it is possible to have X M s = ∅ = X s , and in this case the partial desingularisation construction of [26] terminates withX satisfyingX ss =X M s which has a geometric quotientX//G = X M s /G. Likewise (cf. Remark 0.5; see §6 for more details), the condition that Stab U (x) = {e} for generic x ∈ X in Theorem 0.7 can be dropped and we can still blow X up to obtain projective varietiesX andX with enveloping quotientsX As before, by applying these results to the action ofĤ on X×P 1 we obtain projective varieties 
is not trivial for generic z ∈ Z min but Stab U (x) is trivial for generic x ∈ X then Xŝ ,H has a more complicated description of a similar form, described in §6. 
H are not in general isomorphic to each other, although they will be birationally equivalent. When k = C and H = U is a maximal unipotent subgroup of a reductive group G (or more generally the unipotent radical of a parabolic subgroup of G) and the linear action of U on X extends to G, then the algebra of U -invariant sections of powers of L is finitely generated and the enveloping quotient X ≈ U can be described using symplectic implosion [20, 27] . When condition (C * ) is satisfied, there is a similar symplectic description of X ≈ U = (X × P 1 ) ≈ U , which is obtained from X ≈ U via a symplectic cutting construction (cf. [23] ).
As was observed in [3] , the automorphism group H of any complete simplicial toric variety is a linear algebraic group with a graded unipotent radical U such that the grading is defined by a one parameter subgroup G m of H acting by conjugation on the Lie algebra of U with all weights strictly positive, and inducing a central one-parameter subgroup of R = H/U . Thus the results of this paper can be applied to any linear action of H on an irreducible projective variety with respect to a very ample linearisation. Similarly it was also shown in [3] that the group G k,p of k-jets of holomorphic reparametrisations of (C p , 0) for any k, p ≥ 1 has a graded unipotent radical U k,p such that the grading is defined by a one parameter subgroup of G k,p acting by conjugation on the Lie algebra of U k,p with all weights strictly positive, and inducing a central one-parameter subgroup of the reductive group G k,p /U k,p . So the results above also apply to any linear action of the reparametrisation group G k,p . In particular G k,p acts fibrewise in a natural way on the vector bundle J k,p (T * Y ) → Y (and associated projective bundle P(J k,p (T * Y )) → Y ) over a complex manifold Y of dimension n with fibre J k,p,x at x ∈ Y consisting of the k-jets at x of holomorphic maps from (C p , 0) to (Y, x) (and the associated projective space P(J k,p,x )). This action in the case when p = 1 was the original motivation for our study of graded unipotent group actions (see also [7] ).
Remark 0.11. We can also apply the results of this paper even to the Nagata counterexamples, which are linear actions of unipotent groups U on projective space such that the corresponding U -invariants are not finitely generated [31] . In these examples the linear action extends to a linear action of an extensionÛ = U ⋊ G m by G m such that the action of G m by conjugation on the Lie algebra of U has all its weights strictly positive, and Stab U (x) = {e} for generic x, so Theorem 0.7 applies. Thus the quotient X ≈ U = X × P 1 ≈ U gives us a projective completion of a geometric quotient by U of a U -invariant open subset of the projective space which can be determined by Hilbert-Mumford-like criteria and the explicit blow-up construction. Here the subalgebra of k≥0 H 0 (X, L ⊗k ) U consisting of the U -invariants on the projective space X which extend toÛ -invariants on X × P 1 (for an appropriate choice of linearisation) is finitely generated, even though the algebra k≥0 H 0 (X, L ⊗k ) U itself is not finitely generated.
The layout of the paper is as follows. §1 reviews the results of [2, 14] on non-reductive GIT, including preliminary results which will be needed for the proof of Theorem 0.1. §2 outlines the strategy which will be used to prove Theorem 0.1, while §3 studies the U -sweep of Z min and the locus in X 0 min where the dimension of Stab U (x) is maximal. §4 completes the proof of Theorem 0.1. In §5 we recall the partial desingularisation construction of [26] for linear actions of reductive groups on projective varieties, and its non-reductive analogue, Theorem 0.7, is proved in §6. Finally §7 discusses some applications.
NON-REDUCTIVE GEOMETRIC INVARIANT THEORY
Let X be an irreducible projective variety over an algebraically closed field k of characteristic 0 and let H be a linear algebraic group acting on X with an ample linearisation L of the action; that is, an ample line bundle L on X and a lift of the action to L. Definition 1.1. When H = G is reductive then y ∈ X is semistable (and we will write y ∈ X ss ) for this linear action if there exists some m > 0 and f ∈ H 0 (X, L ⊗m ) G not vanishing at y, and y is stable (y ∈ X s ) if also the action of G on X f is closed with all stabilisers finite. Note that y is stable in the original sense of Mumford (and we will write y ∈ X M s ) if the action of G on X f is closed but the stabilisers are not necessarily finite.
The
of X is finitely generated graded because G is reductive, and the GIT quotient X//G is the projective
The open subvarieties X ss and X s of X for a linear action of a reductive group G are characterised by the following properties (see [32, Chapter 2] or [33] 
contains 0 (respectively contains 0 in its interior). Remark 1.3. When X is quasi-projective but not projective, then we define X s , X M s and X ss as in Definition 1.1 above with the extra requirement that X f should be affine, which is automatically satisfied when X is projective (cf. [32] Definition 1.7). Now let H be any linear algebraic group, with unipotent radical U , acting linearly on a complex projective variety X with respect to an ample line bundle L. Then k≥0 H 0 (X, L ⊗k ) H is not necessarily finitely generated as a graded algebra, so it is not obvious how to extend GIT to this situation. One approach, adopted in [14] , is to reduce to studying the linear action of the unipotent radical U on X; if we can find a sufficiently natural quotient for this U -action such that it inherits an induced linear action of the reductive group R = H/U with respect to an induced ample linearisation, then we can apply classical GIT to this R-action to obtain a quotient for the original H-action on X. [14] §4). Let I = m>0 H 0 (X, L ⊗m ) U and for f ∈ I let X f be the U -invariant affine open subset of X where f does not vanish, with O(X f ) its coordinate ring. A point x ∈ X is called naively semistable if there exists some f ∈ I which does not vanish at x, and the set of naively semistable points is denoted X nss = f ∈I X f . The finitely generated semistable set of X is X ss,f g = f ∈I f g X f where
Definition 1.4. (See
The set of naively stable points of X is X ns = f ∈I ns X f where
and the set of locally trivial stable points is X lts = f ∈I lts X f where
The enveloped quotient of X ss,f g is q : X ss,f g → q(X ss,f g ), where q :
is the natural morphism of schemes and q(X ss,f g ) is a dense constructible subset of the enveloping quotient X
of X ss,f g . Remark 1.5. We call a point x ∈ X stable for the linear U -action if x ∈ X lts and semistable if x ∈ X ss,f g , writing 
Remark 1.8. The enveloping quotient X ≈ U has quasi-projective open subvarieties ('inner enveloping quotients' X/ / • H) which contain the enveloped quotient q(X ss ) and have ample line bundles pulling back to positive tensor powers of L under the natural map q : X ss → X ≈ U (see [2] for details, and note that the justification for the claim in [14] that the enveloping quotient X ≈ U is itself quasi-projective is incorrect; cf. [2] Remark 2.3.4). WhenÔ L (X) U is finitely generated then the enveloping quotient X ≈ U is the unique inner enveloping quotient.
Even whenÔ L (X) U is finitely generated the quotient map q : X ss → X ≈ U is not in general surjective, and it is not immediately clear how to study the geometry of the enveloping quotient X ≈ U .One way to do this, developed in [14] , is via the concept of a reductive envelope, given in Definition 1.13 below. For this, suppose that G is a complex reductive group with the unipotent group U as a closed subgroup, let G × U X denote the quotient of G × X by the free action of U defined by u(g, x) = (gu −1 , ux) for u ∈ U ; this is a quasi-projective variety by [35] Theorem 4.19. There is an induced G-action on G × U X given by left multiplication of G on itself, and if the action of U on X extends to an action of G there is an isomorphism of G-varieties
If U acts linearly on X with respect to a very ample line bundle L and linearisation L inducing a U -equivariant embedding of X in P n , and if G is a reductive subgroup of SL(n + 1; C), then the inclusions
and the trivial bundle on the quasi-affine variety G/U induce a very ample G-linearisation on
Note that if a linear algebraic group H with unipotent radical U is a subgroup of a reductive group G then there is an induced right action of R on G/U which commutes with the left action of G. Similarly if H acts on a projective variety X then there is an induced action of G × R on G× U X with an induced G×R-linearisation. The same is true if we replace the requirement that H is a subgroup of G with the existence of a group homomorphism H → G whose restriction to U is injective.
Definition 1.9. A group homomorphism H → G from a linear algebraic group H with unipotent radical U to a reductive group G will be called U -faithful if its restriction to U is injective.
Note also that it is crucial here that G/U is quasi-affine; this is true for any unipotent closed subgroup U of the reductive group G, but is not true for an arbitrary closed subgroup H of G.
Definition 1.10. (See [14] §5). The sets of Mumford stable points and Mumford semistable points
for e the identity element of G. Here (G × U X) s and (G × U X) ss are defined as in Remark 1.3 for the induced linear action of G on the quasi-projective variety G × U X. Remark 1.11. It is claimed in [14] that X ms and X mss are equal and independent of the choice of G, but unfortunately there is an error in the proof of [14] Lemma 5.1.7 that X mss = X ms , which is related to the difference between stability in Mumford's original sense and in the modern sense (see Definition 1.1 above). Let
for e the identity element of G and ((G × U X) M s is defined as in Remark 1.3 for the induced linear action of G on the quasi-projective variety G × U X. Then X s ⊆ X M s ; moreover if X is irreducible and G is connected so that G × U X is irreducible, then
The proof of [14] Lemma 5.1.7 shows in fact that X mss = X M s . Proposition 5.1.9 of [14] proves that X mss is independent of the choice of G, while [14] Proposition 5.1.10 proves that X ms = X s and therefore is independent of the choice of G; in neither case is [14] Lemma 5.1.7 used. Thus we can still deduce that X ms and X mss = X M s are independent of the choice of G.
Definition 1.12.
A finite separating set of invariants for the linear action of U on X is a collection of invariant sections S = {f 1 , . . . , f n } of positive tensor powers of L such that X nss = f ∈S X f and the set S is separating: whenever x, y ∈ X nss are distinct points and there exist U -invariant sections 
This definition is also independent of the choice of G by [14] Remark 5.2.3.
Definition 1.13. (See [14] §5). Let X be a quasi-projective variety with a linear U -action with respect to an ample line bundle L on X, and let G be a complex reductive group containing U as a closed subgroup.
A G-equivariant projective completion G × U X of G× U X, together with a G-linearisation with respect to a line bundle L which restricts to the given U -linearisation on X, is a reductive envelope of the linear U -action on X if every U -invariant f in some finite fully separating set of invariants S for the U -action on X extends to a G-invariant section of a tensor power of L over G × U X. If moreover there exists such an S for which every f ∈ S extends to a G-invariant section
is a fine reductive envelope, and if L is ample (in which case (G × U X) F is always affine) it is an ample reductive envelope. If every f ∈ S extends to a Ginvariant F over G × U X which vanishes on each codimension 1 component of the boundary of G × U X in G × U X, then a reductive envelope for the linear U -action on X is called a strong reductive envelope. Remark 1.14. In order to find projective completions of quotients of open subvarieties of X by the action of H, we should consider reductive envelopes G × U X which are G × R-equivariant projective completions of G × U X equipped with G × R-linearisations restricting to the given linearisation on X. [14] §5 and [27] §3). Let X be a projective variety with a linear U -action and a reductive envelope G × U X. The set of completely stable points of X with respect to the reductive envelope is
Definition 1.15. (See
and the set of completely semistable points is
where i : X ֒→ G × U X and j : G × U X ֒→ G × U X are the inclusions, and G × U X s and G × U X ss are the stable and semistable sets for the linear G-action on G × U X. Let
where y ∈ G × U X belongs to the subset G × U X nss of naively semistable points for the linear action
Note that X nss = X ss provided that the reductive envelope is ample.
The following result combines [14] 
The stable sets X s , X s = X ms , X M s = X mss and X ns admit quasi-projective geometric quotients, given by restrictions of the quotient map q = π • j • i where If moreover G × U X is normal and provides a fine strong reductive envelope for the linear U -action on X, then X s = X s and X ss = X nss .
So there is a diagram of quasi-projective varieties
where all the inclusions are open and all the vertical morphisms are restrictions of the GIT quotient map π : (G × U X) ss → G × U X//G, and each except the last is a restriction of the map of schemes q :
Here G × U X//G is a projective variety if the reductive envelope is ample but, even then, the inner enveloping quotient X/ / • U is not necessarily projective, and (even if the ring of invariantsÔ L (X) U is finitely generated so that X/ / • U = Proj(Ô L (X) U ) is projective) the morphisms X ss → X/ / • U and X ss → G × U X//G are not necessarily surjective. Now suppose that H is a linear algebraic groups H which may be neither unipotent nor reductive [2, 7] . When H acts linearly on a projective variety X with respect to an ample line bundle L, the naively semistable and (finitely generated) semistable sets X nss and X ss = X ss,f g , enveloped and enveloping quotients and inner enveloping quotients [2] exactly as for the unipotent case, and when H is reductive then X nss = X ss,f g = X ss coincides with the semistable set as defined at Definition 1.1, while the enveloped, enveloping and inner enveloping quotients all coincide with the GIT quotient as defined at Definition 1.1. However the definition in [2] of the stable set X s is more complicated and combines (and extends) the unipotent and reductive cases. 
Definition 1.17. Let H be a linear algebraic group acting on an irreducible variety X and L → X a linearisation for the action. The stable locus is the open subset
is a principal U -bundle for the action of U on X f .
If it is necessary to indicate the group H we may write X s,H or X s(H) and X ss,H or X ss(H) for X s and X ss .
In general even when the algebra of invariants k≥0 H 0 (X, L ⊗k ) H on X is finitely generated, the morphism X → X ≈ H may not be surjective, so it is hard to study the geometry of X ≈ H. If, however, we are lucky enough to find a G × R-equivariant projective completion G × U X with a linearisation on L such that for sufficiently divisible N the line bundle L ′ N is ample and the boundary G × U X \ G × U X is unstable for L ′ N , then we have a situation which is almost as well behaved as for reductive group actions on projective varieties with ample linearisations. 
If furthermore G × U X is normal and provides a fine strong G × R-equivariant reductive envelope, then X s = X s and X ss = X nss .
This theorem gives us good control over the geometry of X ≈ H when we can find a sufficiently well behaved G × R-equivariant reductive envelope. Unfortunately finding such a reductive envelope is not easy in general, and may not be possible. There is, however, one situation when it is easy: when the additive group U = G a acts linearly on a projective space P n . Then we can use Jordan normal form to extend the U -action to a linear action of SL (2), and it follows that the algebra of U invariants is finitely generated (the Weitzenböck Theorem). Moreover we can understand the geometry of the enveloping quotient X ≈ U by identifying it with a classical GIT quotient (P n × P 2 )// SL(2).
The basic idea behind this paper is to exploit this fact by finding a sequence of normal unipotent subgroups U 1 U 2 . . . U of H with dim U j = j and using induction on the dimension of U . However the lack of surjectivity for the quotient map q : (P n ) ss,Ga → P n ≈ G a (which reflects the fact that here G/U = k \ {0} is quasi-affine but not affine) causes difficulties for the inductive argument. In order to make the induction work, we need to ensure that, when U 1 ∼ = G a is normal in H, the complement of the enveloped quotient q((P n ) ss,U 1 ) in P n ≈ U 1 is unstable for the induced linear action of H/U 1 . This is the role of the one-parameter subgroup G m in this paper.
To complete this section we will state four more results needed for the proof of Theorem 0.1, with a proof of the first for lack of a suitable reference, though it is doubtless well known. Lemma 1.20. Let H be a unipotent linear algebraic group with normal subgroup N such that the projection H → H/N splits and let X be an affine H-variety. Suppose X has the structure of a principal N -bundle, and the quotient X/N is a principal H/N -bundle, for the canonical action of H/N on X. Then X is a principal H-bundle.
Proof. Let π N : X → X/N be the quotient map for the N -action on X and π H/N : X/N → (X/N )/(H/N ) the quotient map for the H/N -action on X/N . Also let H 1 ⊆ H be a subgroup that splits the projection H → H/N , so that
where multiplication in the semi-direct product is given by (n 1 ; h 1 )·(n 2 ; h 2 ) = (n 1 h 1 n 2 h −1 1 ; h 1 h 2 ). Note that the composition π H/N • π N : X → (X/N )/(H/N ) = X/H is a geometric quotient for the H-action on X. Because H and N are unipotent the quotients π H/N and π H are locally trivial in the Zariski topology [37, Proposition 14] , so by choosing sufficiently fine open covers it suffices to treat the case where X and X/N are trivial bundles for H and H 1 , respectively, where we identify H 1 with H/N in the natural way. So let X = N × (X/N ) and (X/N ) = H 1 × (X/H), with the N -action on X (respectively, H 1 -action on X/N ) induced by left multiplication on N (respectively, H 1 ) and the quotient maps π N and π H/N given by projecting to the second factor in both cases. Also let
be the projections to the first factors, and let
be the obvious section to π (note π is the projection to the factor X/H). Given x ∈ X, there are unique n ∈ N and h ∈ H 1 such that x = nhσ(π(x)). The assignments
are morphisms of varieties: for each x ∈ X we have
It is clear that φ N is N -equivariant and φ H 1 is N -invariant, and also that φ H 1 is H 1 -equivariant and φ N (hx) = hφ N (x)h −1 for all x ∈ X and h ∈ H 1 . Therefore
defines an H-equivariant isomorphism, where H × (X/H) is the trivial H-bundle with base X/H. 
is an isomorphism.
THE RESULTS WHEN SEMISTABILITY COINCIDES WITH STABILITY
We assume that L is a very ample (rational) linearisation with respect to a line bundle L → X for an action of a linear algebraic group H with graded unipotent radical U on an irreducible projective variety X, and that there is an extension of this linearisation to a linearisation of
Note that, because X is irreducible, for any subgroup H 0 ⊆Ĥ and any H 0 -invariant section f of a positive tensor power of L → X we have a canonical identification (S H 0 ) (f ) = O(X f ) H 0 ; we will make implicit use of this identification throughout this section. We may use any of the following equivalent notation for the stable locus of H 0 L → X (as well as using similar notation for the semistable locus etc.):
Let ω min be the minimal weight for the G m -action on V = H 0 (X, L) * and let V min be the weight space of weight ω min in V . (Note that, equivalently, ω min is the minimal G m -weight for the action of G m on fibres of L * over G m -fixed points.) Definition 2.1. Define
For the results of this section, it will be necessary to require the following assumption on thê U -linearisation L → X:
We are aiming to prove Theorem 2.3 below. Theorem 0.1 will follow from this combined with classical GIT by quotienting in stages by the action of a linear algebraic group H. We can first consider the action ofÛ = U ⋊ G m and then the reductive group R = H/U =Ĥ/Û ; however, in order to obtain a Hilbert-Mumford description of the (semi)stable locus for theĤ-action, in Theorem 2.3 we do not simply consider the action ofÛ but more generally a linear action of a semi-direct productÛ T = U ⋊ T where T is a torus containing a one-parameter subbgroup G m whose adjoint action on the Lie algebra of U has only strictly positive weights. We will apply this when T is a maximal torus ofĤ/U .
We will identify rational characters on the torus T with (rational) elements of (LieT ) * . Fix a (rational) inner product on LieT and use it to identify (LieT ) * with LieT ; let || · || denote the induced norm on LieT and (LieT ) * .
Remark 2.2. Suppose thatÛ T = U ⋊ T acts linearly on X, where T is a torus containing a one-parameter subbgroup G m whose adjoint action on the Lie algebra of U has only strictly positive weights. Let χ 0 be a rational character of T such that χ 0 | Gm = ω min . By classical variation of GIT [13, 39] there is ǫ > 0 such that if χ is a rational character of T satisfying ||χ − χ 0 || < ǫ and χ| Gm > ω min then X ss,Gm,χ = X s,Gm,χ = X ss,Gm min + is independent of χ (and equals X 0 min \ Z min ). In general X ss,T,χ and X s,T,χ may depend on χ near χ 0 . If, however, we fix a complementary subtorus T 0 to G m in T so that T = T 0 × G m and require also that the kernel of χ − χ 0 contains T 0 , then X ss,T,χ and X s,T,χ are independent of χ and we can write them as X ss,T min + and X s,T min + . This will be the case when U is the unipotent radical of a linear algebraic group H with grading given byĤ = H ⋊ G m , and T is the product of a maximal torus in R with G m ; then As a corollary to Theorem 2.3, by applying standard arguments of classical GIT for the reductive group R = H/U ∼ =Ĥ/Û , we will obtain the following version for the action ofĤ on X, from which Theorem 0.1 will follow. s,Û min + of the R-semistable subset of 
min + /Û ) and (iii) the geometric quotient Xŝ ,H /H and its projective completion (X × P 1 ) ≈ H can be described using Hilbert-Mumford criteria and S-equivalence, by combining the description of (X×P Note that for such a linearisation we have (X × P 1 )
The next lemma will also follow from the previous results applied to X × P 1 . 
) if and only if the closures of thê
Due to its length, the proof of Theorem 2.3 will be presented in Section 4, where we shall argue by establishing intermediate results to aid readability. We first take a moment to sketch out the crux of the argument and establish some preliminaries.
If ξ ∈ Lie U is a G m -weight vector, then it has positive weight ℓ > 0, say. If W is any representation ofÛ , then ξ defines a derivation ξ : W → W and any weight vector in W of weight ω ∈ Z gets sent to a weight vector of weight ω + ℓ under ξ. In particular, if W max denotes the G m -weight space in W of maximal possible weight, then we have 
and σ is a G m -weight vector, and if we choose each σ to be a weight vector for the action of T , as we may, then X σ is invariant under theÛ T -action. This cover of X 0 min by open affines X σ enjoys a prominent rôle in the proof of Theorem 2.3.
Remark 2.10. By choosing the affine opens X σ covering X 0 min carefully, we can generalise Theorem 2.3 by weakening the hypothesis (C * ). Choose a normal series U = U (0) U (1) · · · U (s) = {e} such that each subquotient U (j) /U (j+1) is abelian (for example the derived series of U ). Then the hypothesis C * can be weakened to
for every z ∈ Z min and j ∈ {0, 1, . . . , s}.
For Theorem 2.3 to still hold, 'geometric quotient' must replace 'locally trivial quotient' and stability in Mumford's sense must replace stability in the modern sense (proper stability in Mumford's sense) in its statement.
To modify the proof to apply in these circumstances, we observe that if U is abelian then each Stab U (z) has a complementary subgroup U ′ in U with U ′ ∩ Stab U (z) = {e} and U = U ′ Stab U (z), and that if d U 0 = min x∈X dim Stab U (x) then condition C * * implies that dim Stab U (x) = d U 0 for every x ∈ X 0 min ; the latter is true since G m normalises U and so dim Stab U (p(x)) dim Stab U (x) for any x ∈ X, where p(x) is the limit of t · x as t → 0 with t ∈ G m . We can define aÛ T -equivariant morphism from X 0 min to the Grassmannian Grass(
The proof of Theorem 2.3, which will be carried out in Section 4, proceeds as follows. We first establish X 0 min ⊆ X s,U (Theorem 2.3 (1) ). This is done inductively, using the philosophy of taking quotients in stages. More precisely, by diagonalising the action of G m -action on Lie U and using the exponential map we may choose a subnormal series
which is preserved by each automorphism in the family λ : G m → Aut(U ) and such that each successive quotient U j+1 /U j ∼ = G a , with λ acting on Lie(U j+1 /U j ) with positive weight. We will inductively show that each X σ (with σ ∈ H 0 (X, L) max ) has a (locally) trivial U j -quotient that is affine, using a combination of (C * ) and Lemma 1.20.
This results in a locally trivial U -quotient q U : X 0 min → X 0 min /U . We then use a sufficiently divisible power of L → X to embed X 0 min /U into a projective space P, in a G m -equivariant manner. By twisting the linearisation on L → X by an appropriate rational character χ ofÛ , we obtain a G m -linearisation L ′ over the closure X 0 min /U of X 0 min /U in P, which pulls back to a positive tensor power of the twisted rational linearisation L (χ/c) → X and has the properties that
These equalities and inclusions are proved using reductive GIT, especially the Hilbert-Mumford criteria. From here it is then straightforward to show that X 0 min \ (U · Z min ) has a projective geometricÛ -quotient under the enveloping quotient map q : 
THE U -SWEEP OF Z min AND STABILISERS OF MAXIMAL DIMENSION
It is useful to gather together here some results which do not require the condition (C * ) that semistability coincides with stability for theÛ -action, but which, when this condition is satisfied, tell us that U Z min is a closed subvariety of X 0 min . 
Lemma 3.2. If x ∈ X 0 min and u ∈Û , then p(ux) = p(x). If x ∈ Z min and u ∈ U then p(x) = x and ux ∈ Z min iff u ∈ Stab U (x).
Proof: By definition p is G m -invariant and restricts to the identity on Z min . If u = exp(ξ) for some ξ ∈ Lie U which is a weight vector for the action of G m , then this follows by choosing coordinates on P(H 0 (X, L) * ) with respect to which the action of G m is diagonal and the infinitesimal action of ξ is in Jordan form. Moreover p is G m -invariant and Z min is fixed pointwise by G m , so U , Stab U (x) and {u ∈ U | up(x) ∈ Z min } are all invariant under conjugation by G m , and the general result follows. min is the open stratum of the Bialynicki-Birula stratification of X associated to the G m -action (cf. [9, 25] ). Thus the restriction to X 0 min \ Z min = X s,Gm min + = X ss,Gm min + of the G m -invariant morphism p : X 0 min → Z min factors through a projective morphism from the geometric quotient (X 0 min \Z min )/G m = X//G m to Z min . Moreover the fibres of p : X 0 min → Z min can be identified with the affine cone associated to the fibre of the morphism from this geometric quotient to Z min . When X is nonsingular then the fibres of p : X 0 min → Z min are affine spaces and the fibres of the geometric quotient (X 0 min \ Z min )/G m over Z min are weighted projective spaces, and in general this is true for the ambient projective space defined by the linearisation.
Since G m normalises U and fixes Z min pointwise, it follows from Lemma 3.2 that p(U Z Remark 3.6. Once we have proved Theorem 2.3(1), we will know that when condition (C * ) is satisfied then X 0 min has a geometric quotient X 0 min /U . It will be useful for the proof of Theorem 2.3(2) to know when a point of X 0 min /U represented by x ∈ X 0 min is fixed under the action of a one-parameter subgroup λ : G m →Û T /U ∼ = T , and which points of X 0 min /U are fixed by the action of T . Every such one-parameter subgroup is conjugate to a one-parameter subgroup of T , so without loss of generality we may assume λ : G m → T . If λ(G m ) ⊆Û then x ∈ U Z min , so let us assume that λ(G m ) ⊆Û . This one-parameter subgroup fixes the orbit U x ∈ X 0 min /U if and only if λ(G m ) ⊆ U. StabÛ , and since by assumption ξ ∈ LieT , it follows that ξ ∈ Lie Stab T (p(x)). We are assuming that ξ ∈ LieÛ , so p(x) is fixed by a two-dimensional subtorus of T containing the one-parameter subgroup G m ofÛ which lies in T .
This argument also shows that the fixed point set (X 0 min /U ) T for the induced action of T on X 0 min /U is U Z T min /U , where Z T min is the fixed point set for T acting on Z min . Remark 3.7. After we have proved Theorem 2.3(1), we will want to consider the situation when condition (C * ) is not satisfied. Then there will exist x ∈ X 0 min such that dim Stab U (x) > 0, and we will be interested in the closed subvariety of X 0 min where dim Stab U (x) is maximal. By Lemma 3.2 the morphism p : X 0 min → Z min isÛ -invariant, so if z ∈ Z min its stabiliser Stab U (z) acts on the fibre p −1 (z) of p. Since G m normalises U we have Stab U (tx) = Stab U (x) when x ∈ X 0 min and t ∈ G m , so taking the limit as t → 0 it follows that Stab U (x) ⊆ Stab U (p(x)). Thus the maximal value d max of the dimension of Stab U (z) for z ∈ Z min is equal to the maximal value of the dimension of Stab U (x) for x ∈ X 0 min , and
). Moreover to find {x ∈ X 0 min | dim Stab U (x) = d max } it suffices to consider the action of Stab U (z) on the fibre p −1 (z) of p for z ∈ Z dmax min .
PROOF OF THEOREM 2.3
This section provides the proof of Theorem 2.3 as outlined in Section 2. Suppose we are given a linearisationÛ L → X satisfying (C * ). We first set about showing that X 0 min ⊆ X s,U (Theorem 2.3 (1)). The proof will rely on using the following lemma in an inductive argument. Recall that X 0 min is the union of basic affine opens X σ with σ ∈ H 0 (X, L) max . Given nonzero σ ∈ H 0 (X, L) max , we can embed X into a projective space P n ∼ = P(H 0 (X, L) * ) via L using a basis of n + 1 linear sections which are weight vectors for the G m -action, and which includes σ. Then X σ is contained in an affine coordinate patch A n = (P n ) σ such that the action of G m on A n is diagonal, with all weights ≥ 0; or equivalently, G m acts on O(X σ ) with all weights ≤ 0. Note also that each point x ∈ X σ has a limit point in X σ ∩ Z min under the action of t ∈ G m as t → 0.
By considering the action ofÛ 1 = U 1 ⋊ G m on X σ , one is therefore naturally led to the following lemma. Lemma 4.2. Let X be an affine variety with action ofĜ a = G a ⋊ G m , where G m acts on Lie(G a ) with strictly positive weight, and let ξ be a generator of Lie(G a ). Suppose G m acts on O(X) with weights less than or equal to 0. Then every point in X has a limit in X under the action of t ∈ G m as t → 0; let Z be the set of such limit points in X. If Stab Ga (z) = {e} for each z ∈ Z, then there is f ∈ O(X) such that ξ(f ) = 1 ∈ O(X).
Proof. We first show that every point in X has a limit under the action of t ∈ G m , as t → 0. Fix x ∈ X. To say that lim t→0 t · x exists in X means that the morphism φ x : G m → X, φ x (t) = t · x, extends to a morphism φ x : k → X under the usual open inclusion G m ⊆ k (and then lim t→0 t · x := φ x (0)). This is equivalent to saying that the pullback homomorphism
with −m ≥ 0. Since O(X) is generated by such weight vectors, we see that
. Let Z be the set of limit points in X. We claim that I is aĜ a -stable ideal of O(X). Indeed, I is G m -stable and closed under the action of ξ by construction, so we see immediately that it is stable under theĜ a -action. Let f ∈ I and a ∈ O(X). We need to show that af ∈ I, for which we may assume that a ∈ W p for some p ≤ 0, without loss of generality. Now if p < 0, then because multiplication respects the grading we have af ∈ m<0 W m ⊆ I. So suppose p = 0. Write f =f + g wheref ∈W and g ∈ m<0 W m , so af = af + ag. Then ag ∈ m<0 W m ⊆ I. Furthermore there is h ∈ W −ℓ such that ξ(h) =f , and because ξ(a) = 0 we therefore have ξ(ah) = af , with ah ∈ W −ℓ , thus af ∈W ⊆ I. Hence af ∈ I, and the claim is established.
To finish the proof, we will show that I = O(X). We may find a non-trivial G m -invariant complementary subspace W ′ of W 0 such that O(X) = W ′ ⊕ I as vector spaces. It is easy to see that Z = {x ∈ X | f (x) = 0 for all f ∈ m<0 W m } and so the subvariety V (I) := {x ∈ X | f (x) = 0 for all f ∈ I} defined by I is contained in Z. Suppose now, for a contradiction, that I is a proper ideal of O(X) and m is a maximal ideal of O(X) that contains I, and so m defines a point in V (I). Given a ∈ m, write a = a ′ + f with a ′ ∈ W ′ and f ∈ I. Since I ⊆ m we have a ′ ∈ m, and since a ′ ∈ W ′ ⊆ O(X)Ĝ a and I is stable under theĜ a -action, we haveĜ a · a ′ ⊆ m. So m is stable under theĜ a -action. But then m defines a point of V (I) ⊆ Z that is fixed byĜ a , which is a contradiction. Hence I = O(X). In particular, the constant function 1 ∈ W 0 =W , so there is f ∈ O(X) such that ξ(f ) = 1.
We are now in a position to prove
Thus, X 0 min ⊆ X s,U and the restriction of the enveloping quotient map for U L → X restricts to define a locally trivial U -quotient of X 0 min . Proof. As discussed above, we may choose a subnormal series
which is preserved by each automorphism in the one-parameter subgroup G m of Aut(U ) and such that each successive quotient U j+1 /U j ∼ = G a , with G m acting on Lie(U j+1 /U j ) with strictly positive weight. We will prove that
For the base case, let ξ 1 ∈ Lie(U 1 ) be non-zero. As observed before Lemma 4.2, the affine subset X σ satisfies the conditions needed to apply Lemma 4.2 with respect to the semi-direct
For the induction step, suppose the canonical map q j :
, we obtain a generator of Lie(U j+1 /U j ) = Lie(U j+1 )/ Lie(U j ) which acts on O(X σ ) U j by restricting the action of ξ j+1 on O(X σ ) to the subring O(X σ ) U j . It is immediate that all weights for the natural G m -action on O(X σ ) U j are non-positive so, by Lemma 4.2, given a point y ∈ Spec(O(X σ ) U j ) the limit of y under the natural action of t ∈ G m as t → 0 exists. If y = q j (x) for x ∈ X σ , then because q j is G m -equivariant we have
and thus all points in Spec(O(X σ ) U j ) have limits in q j (X σ ∩ Z min ). Let z ∈ X σ ∩ Z min and suppose u ∈ U j+1 is such that (uU j ) ∈ Stab U j+1 /U j (q j (z)). Then there isũ ∈ U j such that u −1ũ z = z. Since Stab U (z) is trivial, we conclude that u =ũ ∈ U j , so uU j = eU j . Hence we may apply Lemma 4.2 to the action of
is a principal U j+1 -bundle by Lemma 1.20, which is in fact trivial by Proposition 1.22. This establishes the induction step. Therefore X σ → Spec(O(X σ ) U ) is a trivial U -quotient. The rest of the statement of the proposition follows immediately from the definition of the stable locus for U L → X.
Note that this argument gives us the following more general result, which does not require condition (C * ).
Proposition 4.1. Let X be an irreducible projective variety acted upon by a unipotent group U and let L → X be a very ample linearisation. Suppose the linearisation extends to a linearisation of a semi-direct productÛ T = U ⋊ T of U where T is a torus containing a one-parameter subbgroup G m whose adjoint action on the Lie algebra of U has only strictly positive weights. Then we have
with the restriction of the enveloping quotient map defining a locally trivial U -quotient of open subvarieties {x ∈ X 0 min | Stab U (p(x)) = {e}} → {x ∈ X 0 min | Stab U (p(x)) = {e}}/U . Having established (1) of Theorem 2.3, we now turn to proving statements (2-4) of the same theorem. So assume from now on that X 0 min = U · Z min . Also let q U : X ss(U,L) → X ≈ U be the enveloping quotient map for the linearisation U L → X. As noted above, we have X 0 min ⊆ X s,U , so the enveloping quotient map restricts to a geometric quotient
which can locally be described as
Each of the algebras O(X σ i ) U is finitely generated over k, so we may find s > 0 such that
U defines an enveloping system adapted to the subset S = {σ s 1 , . . . , σ s ℓ } (see the proof of [2] Proposition 3.1.18, 1); this means that each of the k-algebras
which descends to a locally closed immersion
such that each of the restrictions φ :
is compatible with the restricted linearisation G m L ⊗s → X 0 min under φ, and the embedding φ : X 0 min /U ֒→ P(W * ) is equivariant with respect to the canonically induced G m -action on X 0 min /U . Let X 0 min /U be the closure of X 0 min /U inside P(W * ) via φ and, by abuse of notation, let φ : X 0 min /U ֒→ X 0 min /U be the induced open immersion.
Let (W * ) min be the weight space of minimal possible weight for the natural G m -action on W * , let P((W * ) min ) be the associated linear subspace of P(W * ) and let P(W * ) 0 min be the open subset of points in P(W * ) that flow to P((W * ) min ) under the action of t ∈ G m , as t → 0. Proof. We introduce some notation. Given a tuple K = (k 1 , . . . , k n ) ∈ N n of non-negative integers such that k 1 +· · ·+k n = s, let σ K := σ k 1 1 · · · σ kn n and let Σ K be the section in H 0 (P(W * ), O(1)) that corresponds to σ K under the identification H 0 (P(W * ), O(1)) = H 0 (X, L ⊗s ) U . Observe that the maximal weight space H 0 (P(W * ), O(1)) max for the G m -action on H 0 (P(W * ), O (1)) is spanned by the Σ K with K = (k 1 , . . . , k n ) running over all tuples in N n such that k 1 + · · · + k n = s, thus P(W * ) 0 min is covered by the associated affine open subsets P(W * ) Σ K . Because q U : X 0 min → X 0 min /U is surjective, we also have
In particular, choosing K with i-th entry equal to s and zero in each other entry (so that Σ K = Σ i ), we see that (φ) −1 (P(W * ) Σ K ) = Spec(O(X σ i ) U , which cover X 0 min /U as i runs from 1 to n. Hence, the image of X 0 min /U under φ is contained in P(W * ) 0 min . For each tuple K = (k 1 , . . . , k n ) (with k 1 + · · · + k n = s), we claim that the restriction
is a closed immersion of affine varieties. Note that showing this is enough to prove the lemma, because closed immersions are local on the base and the P(W * ) Σ K cover P(W * ) 0 min . To prove the claim, it is equivalent to show that each pullback (φ)
this amounts to showing that the homomorphism
To this end, after relabelling if necessary we may assume, without loss of generality, that K = (k 1 , . . . , k p , 0, . . . , 0), with 1 ≤ p ≤ n and k i > 0 for i = 1, . . . , p. Then as subalgebras of the field of rational functions k(X) = S ((0)) , we have
, . . . ,
where the last ring is the subalgebra generated by (S U ) (σ 1 ) and the rational functions
(which are regular on X σ K ). Observe that
and (where σ
and by the choice of s > 0 the algebra (S U ) (σ 1 ) is generated by the rational functions Since U is a normal subgroup ofĤ and R centralises the one-parameter subgroup G m , this entire set-up is acted on by H/U = R. Recall the weaker version (C * H ) of (C * ): . Any point in X 0 min /U has a limit under the action of t ∈ G m , as t → 0, contained in the closed subset X 0 min /U ∩ P((W * ) min ) ⊆ X 0 min /U ∩ P(W * ) 0 min under this isomorphism. In particular, given x ∈ X 0 min the point q U (x) lies in X 0 min /U ∩ P((W * ) min ) if, and only if,
Thus, for each x ∈ X 0 min , we have
By assumption we have X 0 min = U · Z min , so as a consequence of (1) we may conclude that P((W * ) min ) = P(W * ) 0 min and hence that the G m -action on W = H 0 (X, L ⊗s ) U has at least two distinct weights. Note that the maximum weight for the G m -action on H 0 (X, L ⊗s ) U is equal to −sω min . Let ǫ > 0 be a rational number such that −s(ω min + ǫ) lies strictly between −sω min and the next largest weight for the G m -action on W (which must be at most −sω min − 1). Let χ be the rational character ofÛ of weight ω min + ǫ and consider the rational G m -linearisation O P(W * ) (1) (sχ) → P(W * ). The rational weights of H 0 (P(W * ), O P(W * ) (1) (sχ) ) * are arranged such that the minimal weight is less than 0 and the next smallest weight is greater than 0, so it follows immediately from the Hilbert-Mumford criteria that the stable locus for G m O P(W * ) (1) (sχ) → P(W * ) is equal to the semistable locus, which is equal to P(W * ) 0 min \ P((W * ) min ), and that the semistable locus of the induced action of T is contained in that for G m . Let
Then by restriction of (semi)stable loci we have
which are furthermore equal to
By (1) we therefore have
Let L (χ) → X be the rationalÛ -linearisation obtained by twisting the linearisation L → X by the rational character χ.
Lemma 4.6. There exists ǫ > 0 such that if theĤ-linearisation is twisted by a rational character χ satisfying ||χ − χ 0 || < ǫ and χ| Gm > ω min , where ω min is the minimal weight for the G m -action on
Proof. When T = G m this follows immediately from the preceding arguments. In general we combine these with Remark 3.6. By the Hilbert-Mumford criteria for classical GIT we know that (semi)stability for T is equivalent to (semi)stability for every choice of one-parameter subgroup λ : G m → T , and for this we study limits lim t→0 λ(t)y. It suffices to understand these limits in an arbitrarily small neighbourhood of the T -fixed point set: y is semistable (stable) if and only if 0 lies in the (interior of) the convex hull of the weights with which T acts on the fibres of L * over the T -fixed point set (T y T in the closure of the orbit of y. This convex hull is a convex polyhedron whose faces near any vertex are determined by the weights with which T acts on the Zariski tangent space to T y at a corresponding point of (T y T . When ǫ > 0 is sufficiently small we have seen that X ss,T,χ ⊆ X 0 min , and the result follows as in Remark 3.6. 
Proof. By Lemma 4.6 we have the equality u∈U uX s,Gm
We will show that
) by open subsets of the form P(W * ) F , we may assume that F is an invariant monomial of weight vectors, without loss of generality. Note also that such a monomial must be divisible by some
where
This must be a locally trivial U -quotient, being the restriction of the locally trivial quotient q U :
) under the embedding φ, by restriction we see that the action of G m on Spec(O(X φ * F ) U ) is closed with all stabilisers finite. The same is true for the G m -action on X φ * F by Lemma 1.21. Finally, the open set X φ * F is affine because L (χ) → X is ample as a line bundle, so we conclude that
, as desired. A similar argument using Tweight vectors shows that u∈U uX
We are now in a position to complete the proof of Theorem 2.3. Recall that ifÛ T acts on an algebra A then AÛ = (A U ) Gm and AÛ T = (A U ) T . The GIT quotient
, and hence the composition u∈U uX s,Gm 
Furthermore, by Proposition 4.7 we know that u∈U uX s,Gm min + is an openÛ -stable subset of the stable locus X s(L (χ) ) for the rational linearisationÛ L (χ) → X, so by uniqueness of geometric quotients we may identify ( u∈U uX 
and that the enveloping quotient q :
, a similar argument using Lemma 4.6 and Remark 3.6 shows that X ss(Û T ) = u∈U uX ss,T min + and X s(Û T ) = u∈U uX s,T min + , which is Theorem 2.3 (2). It also shows that the enveloping quotient map q :
ÛT is surjective and is a categorical quotient for theÛ T -action on
is a finitely generated k-algebra, which gives (3) of Theorem 2.3. This completes the proof of Theorem 2.3.
The following corollary gives us Theorem 2.6. Proof. Let T be a maximal torus of R containing the central one-parameter subgroup G m , and Remark 4.9. It is enough in Corollary 4.8 to assume condition (C * H ) instead of condition (C * ). To prove this version we use Lemma 4.5 and work with the closure
Quotienting by the reductive group R/G m , this gives us
and if ǫ > 0 is chosen sufficiently small then
is surjective and is a categorical quotient for the action of H. Remark 4.10. As noted at Remarks 0.5 and 2.10, the hypothesis in Theorem 2.3 that Stab U (z) = {e} for every z ∈ Z min ( condition C * ) can be weakened, when the action of U is such that the stabiliser in U of x ∈ X is always strictly positive-dimensional. Provided that for every z ∈ Z min the dimension of Stab U (z) is equal to the generic (or minimum) dimension d min of Stab U (x) for x ∈ X, and that Stab U (z) has a complementary subgroup U ′ in U with U ′ ∩ Stab U (z) = {e} and U = U ′ Stab U (z), then the conclusions of Theorem 2.3 and thus Theorem 0.1 still hold. For observe that this condition implies that dim Stab U (x) = d min for every x ∈ X 0 min , since G m normalises U and so dim Stab U (p(x)) dim Stab U (x) for any x ∈ X, where p(x) is the limit of t · x as t → 0 with t ∈ G m . We can define aÛ -invariant morphism from X 0 min to the Grassmannian Grass(d min , LieU) of d min -dimensional subspaces of LieU by
The condition of complementarity to U ′ defines an affine open subvariety of Grass(d min , LieU) and thus an open subset of X 0 min where quotienting by U is equivalent to quotienting by U ′ , and where
The condition that Stab U (z) has a complementary subgroup U ′ in U with U ′ ∩ Stab U (z) = {e} and U = U ′ Stab U (z) is always satisfied when the unipotent group U is abelian. Thus as described in Remark 2.10 the proof of Theorem 2.3 can be extended to cover the more general case when for every z ∈ Z min the dimension of Stab U (z) is equal to the generic (or minimum) dimension d min of Stab U (x) for x ∈ X, provided that the same is true for every subgroup U (j) in the derived series for U . Here the derived series can be replaced with any series U = U (0) U (1) · · · U (s) = {e} of normal subgroups with abelian subquotients.
Remark 4.11. By using Jordan canonical form to classify representations of semi-direct products G a ⋊ G m when G m acts on Lie G a with strictly positive weight (cf. [2] §5 and [3] §2), the proof of Theorem 2.3 can also be extended to allow the requirement of well-adaptedness for the rational character χ to be weakened, provided that the condition (C * ) is strengthened appropriately (cf. Remark 0.6). Let X Gm be the G m -fixed point set in X. We can weaken the requirement that the rational character χ should be well adapted if we strengthen the condition (C * ) to become (C * j ) Stab U (z) = {e} whenever z ∈ X Gm and G m acts on L * | z with weight at most ω j .
Under this stronger hypothesis we can allow χ = ω j + ǫ where ǫ > 0 is sufficiently small. In particular if the action of G a ⋊ G m extends to an action of GL(2) (up to an appropriate cover), then we can allow any rational character χ < 0. In the situation of the PopovPommerening conjecture [34, 35] when U is a subgroup of a reductive group G and is normalized by a maximal torus T of G which contains G m , then U is spanned by one-parameter subgroups λ : G a → U normalised by T such that the inclusion of each G a ⋊ G m in G extends to a homomorphism from (a finite cover of) GL(2) to G.
PARTIAL DESINGULARISATIONS OF REDUCTIVE GIT QUOTIENTS
Let us consider the classical situation when G is a reductive group acting linearly on an irreducible projective variety X with respect to an ample linearisation L.
Suppose that X has some stable points but also has semistable points which are not stable. In [26] it is described how one can blow up X ss along a sequence of G-invariant closed subvarieties to obtain a G-invariant morphism ψ :X ss → X ss whereX is an irreducible projective variety acted on linearly by G such thatX ss =X s and ψ restricts to an isomorphism over X s . The induced birational morphism ψ G :X//G → X//G of the geometric invariant theoretic quotients is an isomorphism over the geometric quotient X s /G. It can be regarded as a partial desingularisation of X//G in the sense that if X is nonsingular then the centres of the blow-ups can be taken to be nonsingular, andX//G has only orbifold singularities (it is locally isomorphic to the quotient of a nonsingular variety by a finite group action) whereas the singularities of X//G are in general much more serious. Even when X is singular, we can regard the birational morphismX//G → X//G as resolving (most of) the contribution to the singularities of X//G coming from the group action.
The setX ss can be obtained from X ss as follows. There exist semistable points of X which are not stable if and only if there exists a non-trivial connected reductive subgroup of G fixing a semistable point. In fact the closure in X ss of the G-orbit of any x ∈ X ss contains a unique G-orbit which is closed in X ss ; this closed orbit has a reductive stabiliser, so a subgroup of G of maximal dimension among those occurring as stabilisers of semistable points of X is reductive. Let r > 0 be the maximal dimension of a (reductive) subgroup of G fixing a point of X ss and let R(r) be a set of representatives of conjugacy classes of all connected reductive subgroups R of dimension r in G such that Z ss R = {x ∈ X ss : R fixes x} is non-empty. Then
is a disjoint union of closed subvarieties of X ss . Furthermore
where N R is the normaliser of R in G (so GZ ss R is nonsingular if X is nonsingular). The action of G on X ss lifts to an action on the blow-up X (1) of X ss along R∈R(r) GZ ss R which can be linearised so that the complement of X ss (1) in X (1) is the proper transform of the subset φ −1 (φ(GZ ss R )) of X ss where φ : X ss → X//G is the quotient map (see [26] 7.17). Here we use the linearisation with respect to (a tensor power of) the pullback of the ample line bundle L on X perturbed by a sufficiently small multiple of the exceptional divisor E (1) . This will give us an ample line bundle on the blow-up ψ (1) : X (1) → X ss , and (by the Hilbert-Mumford criteria for (semi)stability) if the perturbation is sufficiently small it will have the property that
and ψ (1) restricts to an isomorphism from X s (1) \ E (1) to X s . Moreover no point of X ss (1) is fixed by a reductive subgroup of G of dimension at least r, and a point in X ss (1) is fixed by a reductive subgroup R of dimension less than r in G if and only if it belongs to the proper transform of the subvariety Z ss R of X ss .
Remark 5.1. More precisely, in [26] X is blown up along the closure R∈R(r) GZ ss R of R∈R(r) GZ ss R in X (or in a projective completion of X ss with a G-equivariant morphism to X which is an isomorphism over X ss ; in the case when X is nonsingular so that R∈R(r) GZ ss R is also nonsingular, or when we replace X by the ambient projective space P(H 0 (X, L) * ), we can resolve the singularities of R∈R(r) GZ ss R by a sequence of blow-ups along nonsingular G-invariant subvarieties of the complement of X ss and then blow up along the proper transform of R∈R(r) GZ ss R ). We end up with a projective varietyX (1) and blow-down mapψ (1) :X (1) → X restricting to ψ (1) : X (1) → X whereψ −1
(1) (X ss ) = X (1) . We can then choose a sufficiently small perturbation of the pullback toX (1) of the linearisation on X such that (i) we get an ample linearisation of theG-action on the projective varietyX (1) for which
(1) (X ss ) = X (1) , and (ii) the restriction of the linearisation to X (1) is obtained from the pullback of L by perturbing by a sufficiently small multiple of the exceptional divisor E (1) We can now apply the same procedure to X ss (1) to obtain X ss (2) such that no reductive subgroup of G of dimension at least r − 1 fixes a point of X ss (2) . Under the assumption that X s = ∅, if we repeat this process enough times, we obtain X ss (0) = X ss , X ss (1) , X ss (2) , . . . , X ss (r) such that no reductive subgroup of G of positive dimension fixes a point of X ss (r) , and we setX ss = X ss (r) . Equivalently we can construct a sequence
where R 1 , . . . , R τ are connected reductive subgroups of G with
and if 1 ≤ l ≤ τ then X (R l ) is the blow up of X ss (R l−1 ) along its closed nonsingular subvariety GZ ss
, where N l is the normaliser of R l in G. SimilarlyX//G =X ss /G can be obtained from X//G by blowing up along the proper transforms of the images Z R //N in X//G of the subvarieties GZ ss R of X ss in decreasing order of dim R. The blow-down morphism ψ G :X//G → X//G restricts to an isomorphism over the geometric quotient X s /G, so bothX//G and X//G can be regarded as projective completions of X s /G. (ii) the closure of S β is contained in γ β S γ , and
where γ β if and only if γ = β or ||γ|| > ||β|| and P β is a parabolic subgroup of G acting on a projective subvariety Y β of X with an open subset Y ss β which is determined by the action of a Levi subgroup L β = Stab G (β) of P β with respect to a suitably twisted linearisation [25] .
Here the original linearisation for the action of G on L → X is restricted to the action of the parabolic subgroup P β over Y β , and then twisted by a rational character of P β for the central one-parameter subgroup G m determined by β of the Levi subgroup L β = Stab G (β) of P β . This one-parameter subgroup G m acts by conjugation with all weights strictly positive on the Lie algebra of the unipotent radical of P β . In the notation of [25] Z β denotes Z min (defined as at Definition 2.1) for the action of P β on Y β , while Y β plays the role of X 0 min ; also p β : Y β → Z β corresponds to p : X 0 min → Z min and Y ss β = (p β ) −1 (Z ss β ). Here Z ss β (corresponding to Z ss,R min in the notation of this paper) is the semistable locus for the action of L β on Z β , twisted by the rational character β so that the one-parameter subgroup G m acts on Z β with weight 0.
Since S β = GY ss β ∼ = G × P β Y ss β , in order to construct a quotient by G of an open subset of an unstable stratum S β , we can study the linear action on Y β of the parabolic subgroup P β , twisting the linearisation by a well adapted rational character.
Remark 5.3. The partial desingularisation construction of a linear action of G on X has been described under the assumption that X s = ∅; this is the situation considered in [26] . We can also consider the situation when X s = ∅. There are several different cases.
X is irreducible, so if X ss = then in the notation of Remark 5.1 there is an unstable stratum S β with β = 0 which is a non-empty open subvariety of X and thus X = S β . Then, as discussed in Remark 5.2, using GIT to construct a quotient of a non-empty open subvariety of X reduces to non-reductive GIT for the action of the parabolic subgroup P β on Y β .
If X s = ∅ but X ss is non-empty then we can attempt to apply the inductive partial desingularisation procedure to X ss . There are different ways in which this procedure can terminate.
It might be the case that X ss = GZ ss R ∼ = G × N R Z ss R for a positive-dimensional connected reductive subgroup R of G, where N R is the normaliser of R in G. Then N R and its quotient group N R /R are also reductive, and
where Z R is the closed subvariety of X which is the fixed point set for the action of R. So we can apply induction on the dimension of G to study this case. Note that if in addition Z s R = ∅ where Z s R = {x ∈ Z R : x is stable for the induced linear action of N R /R on Z R }, then we have X M s = GZ s R and this is precisely the situation in which X M s = ∅ = X s ; that is, stability in Mumford's original sense differs from proper stability in Mumford's sense, which is stability in modern terminology (cf. Remarks 1.3 and 1.11).
If GZ ss R = X ss = X s = ∅ for every positive-dimensional connected reductive subgroup R of G, then we can perform the first blow-up in the partial desingularisation construction to obtain ψ (1) :
has a dense open subvariety S β for β = 0 and we are reduced to studying non-reductive GIT for a parabolic subgroup P β of G as discussed above for the case when X ss = ∅. If X ss (1) = GZ ss (1),R for a positive dimensional connected reductive subgroup R of G, where Z ss (1),R = {x ∈ X ss (1) : R fixes x}, then we can use induction on the dimension of G as discussed above for the case when the corresponding statement is true of X ss . Otherwise we can repeat the process, until it terminates in one of these two ways.
WHEN STABILITY AND SEMISTABILITY DO NOT COINCIDE FOR THE UNIPOTENT RADICAL
Now let us return to a linear action of a group H which is not necessarily reductive; as before we will suppose that H is a linear algebraic group over k with graded unipotent radical U , in the sense that there is a semidirect productĤ = H ⋊G m of H by G m with subgroupÛ = U ⋊G m where the conjugation action of G m on U is such that all the weights of the induced G m -action on the Lie algebra of U are strictly positive, while the induced conjugation action of G m on R = H/U is trivial.
We also assume as before thatĤ acts linearly on an irreducible projective variety X with respect to a very ample line bundle L, and that χ :Ĥ → G m is a rational character ofĤ with kernel containing H which is well adapted for the linear action ofÛ .
In §2 and §4 we considered the good case when semistability coincides with stability for thê U -action on X, in the sense that condition (C * ) is satisfied, or equivalently that every x ∈ X 0 min has trivial stabiliser in U . We now want to show that if we only assume that there exists some x ∈ X 0 min with trivial stabiliser 1 in U , then there is an analogue of the partial desingularisation construction described in §5 which allows us to blow X up along a sequence ofĤ-invariant closed subvarieties to obtain anĤ-invariant morphism ψ :X → X whereX is an irreducible projective variety acted on linearly byĤ satisfying condition (C * ) andX
H is a projective variety with an open subvariety which is a geometric quotient byĤ of an open subvariety of X, over which ψ restricts to an isomorphism.
In fact before constructingX we will first blow X up along a sequence ofĤ-invariant closed subvarieties to obtain anĤ-invariant morphism ψ :X → X whereX is an irreducible projective variety acted on linearly byĤ satisfying condition (C * ), for which the enveloping quotient X ≈ H is a categorical quotient but not necessarily a geometric quotient ofX ss byĤ. We can then blowX up along a further sequence ofĤ-invariant closed subvarieties to obtainX.
In §4 we proved Theorems 2.3 and 2.6, from which Theorem 0.1 follows. Thus we know that when the linear action ofÛ on X satisfies the condition that 'semistability coincides with stability' in the sense of (C * ), and moreover the linearisation is twisted by a suitable rational character ofĤ (with kernel H) so that it is well adapted, then when c > 0 is a sufficiently divisible integer we have (i) the algebras of invariants ⊕ ∞ m=0 H 0 (X, L ⊗cm )Û and
are finitely generated, and (ii) the enveloping quotient X ≈ U is the projective variety associated to the algebra of invariants By applying these results to an appropriate linear action ofĤ on X × P 1 , we obtain an Hinvariant open subvariety Xŝ ,H of X with a geometric quotient Xŝ ,H /H by H which can be identified with an open subvariety of (X × P 1 ) ≈ H (see Remark 2.7 and Lemma 2.9 for more details).
When we have proved Theorem 0.7 and shown how to constructX andX satisfying (C * ), we will know that (i), (ii) and (iii) apply to the actions ofĤ onX andX, and also onX × P 1 andX × P 1 , appropriately linearised. This will give us an H-invariant open subvariety Xŝ ,H of X with a geometric quotient Xŝ ,H /H by H which can be identified with open subvarieties of the projective varieties (X × P 1 )
Remark 6.1. This open subvariety Xŝ ,H of X corresponds to the complement of the exceptional divisors in the intersection ofX × {[1 : 1]} with theĤ-stable locus inX × P 1 , and in the intersection ofX × {[1 : 1]} with theĤ-stable locus inX × P 1 . These correspond exactly, as the pre-image of the stable locus X s in the partial desingularisation construction ψ :X ss → X ss of [26] for a reductive action is exactly the complement of the exceptional divisors inX ss =X s .
In order to prove Theorem 0.7, just as for Theorem 0.1, the main hurdle is to deal with the action ofÛ ; the rest will follow using well known methods from reductive GIT (including the partial desingularisation construction of [26] described in the last section) once the case when H = U is unipotent is completed. Thus our next aim is to prove Once we have proved Theorem 6.2, and have shown that the sequence of blow-ups is sufficiently canonically defined that theÛ invariant subvarieties along which we blow up are in fact H-invariant, then Theorem 0.7 will follow. Moreover by applying Theorem 0.7 to the action of H onX × P 1 as above we will obtain a projective variety (X × 
≈
H have descriptions as above in terms of Hilbert-Mumford criteria, S-equivalence and the explicit blow-up construction used to obtain X from X.
For this construction we will adopt a modification of the strategy described in §5 for the reductive case when X ss = X s = ∅. The first step in the strategy described in §5 is to blow X ss up along the closed subvariety consisting of the semistable points with maximal dimensional stabiliser. In the case of a linearĤ-action for which condition (C * ) is not satisfied, but with generic U -stabiliser in X trivial, we first blow X 0 min up along its subvariety consisting of points in X 0 min with maximal dimensional stabiliser in U . This subvariety is closed in X 0 min by the upper semi-continuity of the dimension of the stabiliser, and isĤ-invariant since U is a normal subgroup ofĤ. Equivalently we can blow X itself up along the closure of this subvariety to obtain a projective variety X (1) with a blow-down map ψ (1) :
(1) (X 0 min ). The induced action ofĤ on X (1) is linear with respect to an ample line bundle which is (a tensor power of) the pullback ψ * (1) L perturbed by a sufficiently small rational multiple ǫ (1) > 0 of the exceptional divisor E (1) , and if ǫ (1) > 0 is small enough then it follows from the HilbertMumford criteria for the action of G m that ψ (1) restricts to a morphism
The crucial results are Propositions 6.15 and 6.16 below, which tell us that the dimension of the stabiliser in U of any x ∈ (X (1) ) 0 min is strictly less than the maximal dimension of a U -stabiliser in X 0 min . Thus repeating this process finitely many times will result in anĤ-invariant blow-up ψ :X → X such that the induced linear action ofĤ onX satisfies (C * ). This means that ifẐ min plays the role of Z min forX, thenX 0 min \ UẐ min has a geometric quotient More precisely, for a well-adapted linearisation with respect to an ample line bundleL onX which is a (tensor power of a) suitable perturbation ofψ * L by a small rational linear combination of the proper transforms of the exceptional divisors, theĤ-action onX satisfies (i) if c > 0 is a sufficiently divisible integer then the algebras of invariants
are finitely generated, and (ii) the enveloping quotientX ≈ U is the projective variety associated to the algebra of invariants In addition we can apply the partial desingularisation construction of [26] as described in §5 to the action of R onX We will see that even when the generic U -stabiliser in X is not trivial, so that Xŝ ,U = ∅, we can adapt the construction to obtain a geometric quotient X Mŝ,U /U by U of a non-emptŷ H-invariant open subvariety X Mŝ,U (the Mumford-hat-stable locus) in X, with a projective completion (X × Before stating and proving the crucial Propositions 6.15 and 6.16, we need to introduce some notation. Recall that ω min = ω 0 < ω 1 < . . . < ω max are the weights with which the one-parameter subgroup G m ofÛ acts on the fibres of L * over points of X fixed by G m . Remark 6.6. Note that r(d U max ) = ω min and δ(ω max ) = d U min . Also if δ,δ ∈ D U and r,r ∈ R then δ ≤δ implies that r(δ) ≥ r(δ) and r ≤r implies that Z ((r)) ⊆ Z ((r)) which implies that δ(r) ≥ δ(r). Moreover δ(r(δ)) ≤ δ and there is some x ∈ Z ((r)) such that dim Stab U (x) ≤ δ(r), so r(δ(r)) ≤ r.
Remark 6.7. p : X 0 min → Z min restricts to p : ∆
with fibre over
min given by the fixed point set of Stab U (z) acting on p −1 (z) (cf. Remark 3.7). Definition 6.8. Define r 1 , . . . , r J ∈ R and δ 0 , δ 1 , . . . , δ J ∈ D U recursively by the following rules:
and if δ j > d U min then r j+1 = r(δ j − 1) and δ j+1 = δ(r j+1 ),
whereas if δ j = d U min then set J = j and stop the recursion. Now suppose that x ∈ X 0 min \ U Z min ; then we can consider the jet of the rational curve G m x at p(x) = lim t→0 tx. The multiplicative group G m acts on the curve with a fixed point at p(x) and thus defines a grading on the jet; for 0 ≤ j ≤ J let p ((r j )) (x) be the corresponding r j th truncation of the jet, so that p ((r 0 )) = p, and let X r 0 ,r 1 ,...,r J = {x ∈ X 0 min | p ((r j )) (x) = p ((r j−1 )) (x) for j = 1, . . . , J}.
of X 0 min \ U Z min , in the notation of Definition 6.8. Proof. The proof is essentially the same as that of Proposition 6.15 with the role of Z min now played by Z ((r 1 )) .
The following theorem, and therefore also Theorem 6.2, follow immediately from Propositions 6.15 and 6.16.
points for the action of the reductive group R = H/U onX by row vectors (a, b, c) and the action of A is given by post-multiplication by A −1 . The weights of the action of the maximal torus T of B on X lie in an irregular hexagon (which is their convex hull) in the dual of the Lie algebra of the maximal compact subgroup of T .
In order for a one-parameter subgroup λ : G m → T to satisfy the condition that all its weights for the adjoint action on Lie U should be positive, we require its derivative to lie in the interior of the standard positive Weyl chamber t + for SL(3). The minimal weight for such a one-parameter subgroup acting on X then corresponds to the T -fixed point Remark 7.1. Here U is a maximal unipotent subgroup of the reductive group G = SL(3) and the linear action of U on X extends to G. Therefore we know that the U -invariants on X are finitely generated and the projective variety X ≈ U can be described geometrically over C as the symplectic implosion (in the sense of [20] , cf. also [27] ) of X by the action of the maximal compact subgroup K = SU(3) of G. Thus if µ : X → Lie SU(3) * is the moment map for the action of K = SU(3) on X associated to the linearisation, and K ξ is the stabiliser of ξ ∈ t + under the coadjoint action of K, then X ≈ U can be obtained from µ −1 (t + ) by collapsing on the boundary of t + via the equivalence relation given by x ∼ y if µ(x) = µ(y) = ξ ∈ t + and x ∈ [K ξ , K ξ ]y. For compatibility with the conventions in this paper, we should replace µ −1 (t + ) with µ −1 (−t + ). Quotienting further by T to obtain X ≈ B gives us
for χ ∈ −t o + , where T ∩ K is the usual maximal torus of K = SU(3) consisting of diagonal matrices. This fits with our previous description since X 0 min \ U z min = B × T ∩K µ −1 (χ).
In order to find an example requiring a blow-up to achieve condition (C * ), let us consider the subgroup 
in Y is the product of (P 1 ) * with (P 2 ) 3 blown up along its diagonal P 2 , withẐ min the proper transform of Z min = (P 1 ) 3 × (P 1 ) * . SoẐ min is the blow-up of Z min = (P 1 ) 3 × (P 1 ) * along P 1 × (P 1 ) * embedded diagonally, while the exceptional divisor E is a P 3 -bundle over P 2 × (P 1 7.2. Moduli spaces of rank 2 bundles of fixed Harder-Narasimhan type over a nonsingular projective curve. When G is a reductive group over k, acting linearly on a projective variety X with respect to an ample line bundle L, then given an invariant inner product on the Lie algebra of G, there is a stratification X = β∈B S β of X by locally closed subvarieties S β , indexed by a partially ordered finite subset B of a positive Weyl chamber for the reductive group G, such that S 0 = X ss , and for each β ∈ B the closure of S β is contained in γ β S γ . Moreover S β ∼ = G × P β Y ss β where γ β if and only if γ = β or ||γ|| > ||β|| and P β is a parabolic subgroup of G acting on a projective subvariety Y β of X with an open subset Y ss β which is determined by the action of the Levi subgroup of P β with respect to a suitably twisted linearisation [25] . Here the original linearisation for the action of G on L → X is restricted to the action of the parabolic subgroup P β over Y β , and then twisted by a rational character of P β which is well adapted for a central one-parameter subgroup of the Levi subgroup of P β acting with all weights strictly positive on the Lie algebra of the unipotent radical of P β . Thus to construct a quotient by G of (an open subset of) any unstable stratum S β (and thus to study the stack [X/G] via this stratification), we can study the linear action on Y β of the parabolic subgroup P β , twisted appropriately, and apply the results of this paper.
In particular we can consider moduli spaces of sheaves of fixed Harder-Narasimhan type over a nonsingular projective variety W (cf. [21] ). Moduli spaces of semistable pure sheaves on W of fixed Hilbert polynomial can be constructed as GIT quotients of linear actions of suitable special linear groups G on schemes Q (closely related to quot-schemes) which are Gequivariantly embedded in projective spaces [38] . These constructions can be chosen so that elements of Q which parametrise sheaves of a fixed Harder-Narasimhan type form a stratum in the stratification of Q associated to the linear action of G (at least modulo taking connected components of strata) [21] . Thus to construct and study moduli spaces of sheaves of fixed HarderNarasimhan type over W we can study the associated linear actions of parabolic subgroups of these special linear groups G, appropriately twisted; for more details see [5] . However in these cases the condition that Stab U (x) = {e} for generic x is rarely satisfied. The simplest non-trivial case is that of unstable vector bundles of rank 2 and fixed Harder-Narasimhan type over a nonsingular projective curve W (cf. [10] ); then the blow-up construction terminates with the situation that for every x ∈ X 0 min the dimension of Stab U (x) is equal to the generic dimension d U min , and moreover, since U is commutative, each stabiliser Stab U (x) has a complementary subgroup U ′ in U (cf. Remarks 4.10 and 6.18).
